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SUPREMA OF LEVY PROCESSES 

By Mateusz Kwasnicki*'''"'^'^ , Jacek Malecki*'^'^ and Michal 

Ryznar*'^ 

Wroclaw University of Technology^, Polish Academy of Sciences^ and 

Universite d'Angers^ 

In this paper we study the supremum functional Mt = suPq< Xs , 
where Jtt , t > 0, is a one-dimensional Levy process. Under very mild 
assumptions we provide a simple uniform estimate of the cumulative 
distribution function of Mt . In the symmetric case we find an integral 
representation of the Laplace transform of the distribution of Mt if 
the Levy-Khintchin exponent of the process increases on (0, oo). 



1. Introduction. By a classical reflection argument, the supremum 
functional Mj = supo<^<( Xg of the Brownian motion Xf has truncated nor- 
mal distribution, P(Mt > x) = 2P{Xt > x) (x > 0). A similar question for 
symmetric a-stable processes was first studied by Darling [11], and the case 
of general Levy processes Xt was addressed by Baxter and Donsker [3] . The- 
orem 1 therein gives a formula for the double Laplace transform of the distri- 
bution of Mt, which for a symmetric Levy process Xt with Levy-Khintchin 
exponent ^{C) reads 



(1.1) 



/ / e-«^-^*P(Mt G dx)dt 
Jo Jo 



exp / 72—72 

\JZ \ TT Jo C + C 



Inversion of the double Laplace transform is typically a very difficult task. 
Apart from the Brownian motion case, an explicit formula for the distribu- 
tion of Mt was found for the Cauchy process (the symmetric 1-stable process) 
by Darling [11], for a compound Poisson process with ^{(,) = 1 — cos^ by 
Baxter and Donsker [3] and for the Poisson process with drift by Pyke [32]. 

The development of the fluctuation theory for Levy processes resulted in 
many new identities involving the supremum functional Mt, see, for example. 
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[5, 13, 31, 33]. There are numerous other representations for the distribution 
of Mt, at least in the stable case, see [4, 7, 11, 12, 15, 16, 19, 20, 27, 28, 
30, 36]. The main goal of this article is to give a more explicit formula for 
P(Mj < x) and simple sharp bounds for P(Mt < x) in terms of the Levy- 
Khintchin exponent ^{S,) for a class of Levy processes. Most estimates of 
the cumulative distribution function of Mj are proved for very general Levy 
processes, without symmetry assumptions. 

Let Tx denote the first passage time through a barrier at the level x for 
the process Xt, 

Ta:=mf{t>0:Xt>x}, x>0, 

with the infimum understood to be infinity when the set is empty. We 
always assume that Xq = 0. Since P(Mt < x) = P{tx > t), the prob- 
lems of finding the cumulative distribution functions of Mt and Tx are the 
same. The supremum functional and first passage time statistics are im- 
portant in various areas of applied probability ([1, 2]), as well as in math- 
ematical physics ([21, 26]). The recent progress in the potential theory of 
Levy processes is, in part, due to the application of fluctuation theory, see 
[9, 10, 18, 22, 23, 24, 25]. 

The paper is organized as follows. Section 2 contains some preliminary 
material related to Bernstein functions, Stieltjes functions and estimates for 
the Laplace transform. In Section 3 (Theorem 3.1 and Corollary 3.2) we 
prove, under mild assumptions, the estimate 

P(Mt <x)^ mm{l,K{l/t,0)V{x)) , t,x>0, 

where V{x) and k.{z, 0) are the renewal function for the ascending ladder- 
height process, and the Laplace exponent of the the ascending ladder-time 
process corresponding to Xt, respectively. Here f{x) ~ g{x) means that 
there are constants ci, C2 > such that cig{x) < f{x) < C2g{x). In Section 4 
we show that in the symmetric case, given some regularity of ^'(^), we have 

v/^'(l/x) 

see Theorem 4.4. Therefore the estimate of the above cumulative distribution 
function of Mt takes a very explicit form 

P(Mt<x)«min(l,-=^===) , t,x>0. 
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The other main result of Section 4 is an exphcit formula for the (single, in the 
space variable) Laplace transform of the distribution of Mt (Theorem 4.1), 
under the assumption that Xt is symmetric and ^{^) is increasing on [0, oo). 

When '^{Cj = foi^ ^ complete Bernstein function V'(Oi the above 

resuls can be significantly improved. Following the approach of [30], a (rather 
complicated) explicit formula for P(Mj < x) can be given, and estimates 
and asymptotic formulae for P(A/f < x) extend to {d/dt)^P{Mt < x) when 
X is small or t is large. These results will be covered in a forthcoming paper. 

Notation. We denote by C, Ci, C2 etc. constants in theorems, and by 
c, ci, C2 etc. temporary constants in proofs. Any dependence of a constant 
on some parameters is always indicated by writing, for example, c(n, e). 
We write f{x) ~ g{x) when f{x)/g{x) — )• 1. We use the terms increasing, 
decreasing, concave, convex function etc. in the weak sense. 

2. Preliminaries. 

2.1. Complete Bernstein and Stieltjes functions. A function is said 
to be a complete Bernstein function (CBF) if 

(2.1) m = ci + C2C + - r 7T7 ^ ^ C \ 0)' 

where ci,C2 > 0, and is a measure on (0, 00) such that the integral 
'niin{(~^ , li{d() is finite. A function ip{^) is said to be a Stieltjes 
functions if 

(2.2) ^(^) = ^ + c-2 + i r -L_j,{dO, eGC\(-oo,0], 

for some ci,C2 > and some measure fi on (0, 00) such that the integral 
/q°° min(l, C~^)/i(dC) is finite. See [34] for a general account on complete 
Bernstein functions, Stieltjes functions and related notions. 

It is known that ^(^) is a CBF if and only if ^(^) is nonnegative and 
increasing on (0,oo), holomorphic in C \ (— oo,0], and lm'0(^) > when 
Im^ > 0. Furthermore, if V'(C) is a CBF, then C/^(C) is a CBF, and 1/^/^(0 
and "0(0/? are Stieltjes functions 

The function 0(^) given by (2.2) is the Laplace transform of C26Q{dx) + 
(ci + Cjl{x))dx ([34], Theorem 2.2). Furthermore, 7rci5o('^C) + J^idQ) is the 
limit of measures — Im('i/'(— C + is))dC, as e — )• O"*" ([34], Corollary 6.3 and 
Comments 6.12), so, in a sense, it is the boundary value of ip. Therefore, we 
use a shorthand notation — lm(0"'"(— C))(iC for jl{dC,). Furthermore, we have 
ci = lim^^o(?V'(6) and C2 = lim^^^oo '0(0- 
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Following [30], we define 

(2.3) ^nO=exp(l/^^i^|i:^.c), Ree>0, 

for any function ip{(,) such that min(l, (^~^) log V'(C^) is integrable in ^ > 0. 
By a simple substitution, 



(2.4) ,.K).exp(if !e^.c). f>0. 

By [30], Lemma 4, if ip{S,) is a CBF, then also ^t(^) 

is a CBF (this was 

independently proved in [24], Proposition 2.4), and 

(2.5) V'^(^)V;t(_^)=^(_^2)^ ^GC\R. 

Proposition 2.1. If i>{(,) is nonnegative on (0,oo) and both ip{S,) and 
C/'0(?) o,re increasing on (0, oo), then 



(2.6) e-2C/-y^ < ^t(^) < ^2C/.^J^^^ 

where C ~ 0.916 is the Catalan constant. Note that e^^l'^ < 2. 
//, in addition, is regularly varying at oo, then 



(2.7) ^Ho-^fKe), e^oo. 

An analogous statement for ^ — t- holds for regularly varying at 0. 

In particular, (2.6) holds for any CBF. Likewise, (2.7) holds for any reg- 
ularly varying CBF. 

A result similar to (2.6) was obtained independently in [25], Proposi- 
tion 3.7, while (2.7) for CBFs was derived in [22], Proposition 2.2. 

Proof. By the assumptions, we have 

(2.8) V'(^')min(l,C') < ^(^^C') < ^(C') max(l, C'), tC> 0- 
It follows that 

ttJo l + C 
< ^) exp [I 1^ dc\ = e-^l-^M^- 



1 logC 
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The lower bound is obtained in a similar manner. 

The second statement of the proposition is proved in a very similar manner 
to Lemma 15 in [30]. Define an auxiliary function /i(C,C) = ^(C^C^)/V'(C^)- 
By (2.8) we have | log h{^, C)| < 2| log C|, C > 0. Since ijj is regularly varying 
at infinity, for some a, lim^_^oo h{^, () = C^" for each > 0. Hence, by 
dominated convergence, 

e-^ooJo 1 + Jo 1 + C 

It follows that 

and so finally lim^_j.oo i^HO/V^'M^ = 1; as desired. Regular variation at 
is proved in a similar way. □ 

As in [30], for differentiable functions "0(0 with positive derivative we 
define 

<'-^' l-^K)MA') - A>0,«.C\(-oo,0). 

This definition is extended continuously by ipx^X^) = ^l) {)?)/{}? if)' 
Note that if ^(0) = 0, then Va(0) = 1. For simplicity, we denote ^|(^) = 
(^a)"^(6- By [30], Lemma 2, if ^(i) is a CBF, then ^a(6 is a CBF for any 
A > 0. 

2.2. Estimates for the Laplace transform. This short section contains 
some rather standard estimates for the inverse Laplace transform. 

Proposition 2.2. Let a > 0, c > I. If f is nonnegative and f{x) < 
c/(a) max(l, x/a) (x>0), then for any > , 

^ - c(l + K)"ie"<)' 

Proof. We have 
^^fiO = / ee-^"/(x)dx + / Ce-^^f{x)dx 

Jo J a 

<cf{a) r^e-«^dx + ^^ r ixe-^'^dx 

Jo CL Ja 

= c/(a)(l - e-<) + ^ (1 + ae)e-< = c/(a)(l + K)-'e-<), 
as desired. □ 
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Proposition 2.3. If f is nonnegative and increasing, then for a, > 0, 

f{a)<e<iCf{i). 

Proof. As before, 

ra poo 

iCf{0= ee-«"/(x)dx+ / ie-<^'^f{x)dx 

Jo Ja 

rOD 

> fia) / ^e-^'^dx = /(a)e-<, 

J a 

as claimed. □ 
Proposition 2.4. If f is nonnegative and decreasing, then for a^^ > 0, 

/(«) < 

Proof. Again, 

pa roo 

iCf{i) = / ee-^"/(x)dx + / ie-^^f{x)dx 

Jo Ja 

>f{a) ne-^^dx = fia)il-e-<), 
Jo 

as claimed. □ 

3. Suprema of general Levy processes. We briefly recall the basic 
notions of the fluctuation theory for Levy processes. Let Lt be the local 
time of the process Xt reflected at its supremum Mt, and denote by 
the right-continuous inverse of Lj, the ascending ladder-time process for Xf. 
This is a (possibly killed) subordinator, and Hs = X(Lj^) = M(Lj^) is 
another (possibly killed) subordinator, called the ascending ladder-height 
process. The Laplace exponent of the ascending ladder process, that is, the 
(possibly killed) bivariate subordinator {Lj^,Hs) (s < L(oo)), is denoted 
by k{z,C). By e.g., [5], Corollary VI. 10, 

(3.1) k(z,0 = cexp ( r [ (e"* - e~^*~^'^)t~^P(Xf G dx)dt] , 

\Jo J[0,od) J 

where c is a normalization constant of the local time. Since our results are 
not affected by the choice of c, we assume that c = 1. We note that k,{z,0) 
is a Bernstein function of z, and also z/k{z,0) is a Bernstein function (this 
follows from (3.1) by Prullani's integral; see [5], formula (VL3) for the case 



imsart-aop ver. 2011/11/15 file: Supremum.tex date: January 13, 2013 



SUPREMA OF LEVY PROCESSES 



7 



when Xt is not a compound Poisson process). For more account on the 
fluctuation theory we refer the reader to [5, 13, 31]. In general, there is no 
closed-form formula for k;(z,^). For a list of special cases, see [29] and the 
references therein. For a symmetric process which is not a compound Poisson 
process, we have k{z, 0) = ^/z. 

As usual, Tx denotes the first passage time through a barrier at x > for 
Xt (or for Mt). Following [5], for x,z > we define 

/ roo \ / POO 

F^(x) = E^ exp(-zL7i)l[o,..)(i^.)^^sj =E^ e-^*l[o,,)(Mi)dL, 

For z = 0, we simply have V^{x) = J^P{Hs < x)ds, so that V^{x) = 
V{x) is the renewal function of the process H^, studied in more detail for 
symmetric Levy processes in Section 4. By [5], formula (VI. 8), 

(3.2) r e-''P{Mt < x)dt = ^^^'"^^'^"'^ X, z > 0. 
JO z 

(Note that in [5] a weak inequality Mt < x is used in the definition of V^{x).) 
Hence, for a symmetric process Xt which is not a compound Poisson process, 
we have 

(3.3) / e-'*P{Mt < x)dt = — x, z > 0. 
Jo 

This is a partial inverse of the double Laplace transform in (1.1); however, 
there is no known explicit formula for V^{x). For a different and, in a sense, 
more explicit partial inverse, see (4.2) below. 

By [5], Section VI.4, the Laplace transform of Y^(x) is 1/(.^k(z, ^)). Hence, 
when Xt is symmetric and it is not a compound Poisson process, the right 
hand side of the Baxter-Donsker formula (1.1) can be written as y/z/{zK{z, ^)) 
(see [14], Corollary 9.7). 

Theorem 3.1. Let Xt he a Levy process, Mt = supo<3<(Xs, and let 
k;(z,^) he the hivariate Laplace exponent of its ascending ladder process. 
Suppose that 

(3.4) K{s)= r '^^^^dz <oo, s>0, 

Js Z^ 

and that k{z,0)/z is unhounded (near Oj. For t,x > 0, we have 

min(Ci,C2(K,t)K(l/t,0)T/(x)) < P(Mt < x) 

(3.5) / e \ 

<minh,- — -K{l/t,0)V{x)j. 
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Here 



^ e — 1 , ^ / N 

Ci = and ^2{K;t) = — 



where z € (0, solves 



e - 1 



Km- 



Proof. The upper bound in (3.5) is a direct consequence of (3.2) and 
Proposition 2.4 with ^ = 1/t. 

Following [5], Lemma VI. 21, we find a lower bound for V^{x). We have 



F(x) = E^"l[o,.)(MOdLt 

< eE ^'^%-^*l[o,,)(Mt)dLtj +E ^"l[o,,)(Mt)dLtj , 



which implies 
(3.6) 



eV'ix) > V{x) - E 1^^" l[o,,)(Mj)dLt 



Let (Tz = inf{t > 1/z : Xt = Mt} = L^^{Li/z)'i is a stopping time. Since 
the support of the measure dLt is contained in the set {t : Xt = Mt} of zeros 
of the reflected process, we have 



/ roo \ / roo \ 

E ( J^^^ l[o,.)(Mt)dLt j = E ^ l[o^,){Mt)dLt; My, < 

< E (^1^ l[o,x)(Mt - M^JdLt; Ml/, < 



Next, observe that Mq-^ = Xo-^, so that 



Mt - M^^ = sup {X^^+s - X^J, t > a,. 

s<t — az 



Hence, 



E^~l[o,x)(Mt)dLtj 

< E l^y" l[o,^) 1^ sup {X^^+s - X^J^ dLt; My, < 

^ (i) (^^<P*^^'^'-+^ ~ ^<tJ^ diL^^+u - L„S); Mil, < X 



imsart-aop ver. 2011/11/15 file: Supremum.tex date: January 13, 2013 



SUPREMA OF LEVY PROCESSES 



9 



Since > 1/z, by the strong Markov property, 



E 



' POO \ / roo 

= P(Mi/, < x)V{x), 

which, by (3.6), yields 

(1-P(M,/, <x))y(x) P(Afi/, > x)V{x) 
V [X) > = . 

e e 

Let fc > 0. By (3.2) and the aheady proved upper bound of (3.5), 

rk/z roo 

V'{x)k{z, 0) = z e-^*P(Mj < x)dt + z / e-'^P{Mt < x)dt 

Jo Jk/z 

< —^V(x)z [ ^ e~''*K(l/t,0)dt + P(Mk/z <x). 
e - 1 Jo 

The last two estimates give 
(3.7) 

e y \ y/z - I ^^^^^^ j 

Fix e G (0, 1) (later we choose e = 1/4). Note that the function k{z,Q)/z is 
continuous, decreasing and unbounded. Hence, it maps the interval (0, 
onto the interval [tK(l/t, 0), oo). Furthermore, k(2;,0) is increasing, so that 
K{z) > k{z,0)/z. In particular, j(^K{l/t) > K{l/t) > tK{l/t,0). It 
follows that we can choose z = z{t) < 1/t such that 

^-i(^^^^/')- 

Setting k = zt < 1, the above equality can be rewritten as 

(3.8) J^^Kim^^^ 

e — 1 k{z, O) 

Suppose now that V{x)k{z,0) < e{e — l)/e. Then, by the upper bound 
of (3.5), we have P{My, > x) = I - P{Mi/, < x) > 1 - e. This, (3.7) 
and (3.8) give 

P(M, <x)= P(M,/, <x)> ^("^^^'^^^ (1 _ 2e). 
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This estimate holds for t > to, where V{x)K{z{tQ),0) = e(e — l)/e (here we 
use continuity of n{z{t),0) as a function of t). Hence, by monotonicity of 
P{Mt < x) in t, 

, r N - 2e)(e - 1) (1 - 2e)V(x)K(z, 0) \ 
P(Mf <x) >minf^ ^ y ) ■ 

The lower bound in (3.5) follows by taking e = 1/4 and using the inequality 
k{z, 0) = K{k/t, 0) > kK{l/t, 0). □ 

To formulate the next result we define upper scaling conditions: 
(3.9) 

k{z2,0) Zo 

for some q G (0, 1) and c > 0, — < c—p when < zi < Z2 < I, 

k(zi,0) zl 

(3.10) 

k{zi,0) ~ zf 



for some g G (0, 1) and c > 0, — — ^— < c -| when 1 < zi < Z2. 



Observe that the condition (3.10) implies that for any z* > there is c* 
such that 

/Q UN k{z2,0) . ^zI u * / / 

(3.11) — < c ^ when z < zi < Z2- 

k{zi,0) zl 

Corollary 3.2. Let Xt he a Levy process, Mt = supQ<g<jXs, and 
let k{z, S^) be the bivariate Laplace exponent of its ascending ladder pro- 
cess. If k{z, 0) satisfies condition (3.9) with < g < 1 and the integral 
K{z,0)z~'^dz is finite then 

(3.12) 

C{K)m.m{l,K{l/t,0)V{x)) < P(Mt < x) < m.m{l,2K{l/t,0)V (x)) , 

for every x > and t > 1. If k{z,0) satisfies (3.10) with < g < 1 and 
limz^o z/ k{z,0) = then (3.12) holds for x > and t < 1. 

In particular, if k{z,0) satisfies both (3.9) and (3.10), that is, there are 
c > and g G (0, 1) such that k{Xz,0) < cX^k{z,0) for A > 1 and z > 0, 
then (3.12) is true for every x > and t > 0. 

Proof. We begin with the first part of the statement. By the condi- 
tion (3.9), 



k{z,0) < ci(k) (^^y k{s,0), 



s< z<l. 
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In particular, k;(s,0)/s is unbounded. Furthermore, using also finiteness of 
the integral K{z,0)z~'^dz, we obtain 

(3.13) K{s) < C2{k)'^^^ , s<l. 

s 

This implies that the assumptions of Theorem 3.1 are satisfied. 

Let t > 1 and define z = z{t) G (0, 1/t) as in Theorem 3.1. By the 
condition (3.9) we have 

K{l/t,0) ^ C3{k) 

k{z,0) - {zt)e' 
By definition of z and (3.13) (with s = 1/t), we have 

1 _ 4e2 K{l/t) ^ 4e2c2(K)c3(K) t 



z e-1 k{z,0) - e-1 {tzY' 

which gives zt > C4{k). Hence, the constant C2 in Theorem 3.1 satisfies 
C2 = zt/{2e) > C4(K)/(2e). This ends the proof of the first part. 

The second part can be justified in a similar way, since the condition (3.10) 
implies that 

, k(s, 0) 

Kis) < C5(k ^ ' \ S>1. 
s 

Moreover, for t < 1 and z = z{t) selected according to Theorem 3.1 we have 
z{l) < z{t) < l/t. Applying (3.10) (with z* = z{l)) we obtain 

^(1A,0) < C6(k) ^ ^ 1 

k(z,0) ~ {zty ^ - t' 

Finally, the last statement is a direct consequence of the previous ones. □ 

Remark 3.3. Due to Potter's theorem ([8], Theorem 1.5.6) the con- 
dition (3.9) is implied by regular variation of k{z, 0) at zero with index 
< < 1. Likewise, the condition (3.10) is implied by regular variation of 
k{z,Q) at 00 with index Q < q* < 1. 

In the second part of the above corollary the assumption WiUz^q z/ k{z, 0) = 
can be removed at the expence that the lower bound holds for t < to, 
where to = ^o(^) is sufficiently small. This is due to the fact that since 
lim.t\o K{l/t) = 0, z = z{t) in Theorem 3.1 is well defined for t small 
enough. 
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By the results of [5], Theorem VI. 14, and [6], the regular variation of order 
Q € (0, 1) of k{z, 0) at or at oo is equivalent to the existence of the limit of 
P(Xt > 0) as t — 7- oo or t — 7- 0^, respectively. Hence, Corollary 3.2 implies 
the following result. 

Corollary 3.4. Let Xt be a Levy process and Mt = supo<s<f -'^s- If 
lim Y>{Xt > 0) G (0, 1) and limsupP(Xf > 0) < 1, 

then (3.12) holds for x > and t > 1. If 

lim P{Xt > 0) G (0, 1) and limsupP(Xt > 0) < 1, 

t->-0+ t^oo 

then (3.12) is true for x > and t < 1. Finally, if 

lim P{Xt > 0) G (0, 1) and lim P(Xt > 0) G (0, 1), 

then (3.12) holds for every x > and t > 0. 

Proof. We only need to verify that k,{z,0)/z'^ is integrable at infinity, 
and that lim^^Q+{z/K{z,0)) = 0. In each of the cases, there is e > such 
that P{Xt > 0) < I - e for ah t > 0. Therefore, by (3.1) and the Frullani 
integral, k(z,0) < z^~^ for z > 1, and k{z,0) > z^~^ when < z < 1. The 
result follows. □ 

Remark 3.5. The uniform estimates of Corollary 3.4 complement the 
existing results from [17] about the asymptotic behavior of P(Mj < x), 
where it was shown that 



lim /J P(M, < rr) = y(rr), 

t^oo K[l/t, 0) 

under the assumption that k{z, 0) is regularly varying at zero with index 

Qe{o,i). 

4. Suprema of symmetric Levy processes. In this section we as- 
sume that Xt is a symmetric Levy process with Levy-Khintchin exponent 
^'(^). In a rather general setting, we can invert the Laplace transform in 
time variable in (1.1). 
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Theorem 4.1. Suppose that Xt is a symmetric Levy process with Levy- 
Khintchin exponent ^{0- Suppose that ^(^) is increasing in ^ > 0. If Mf = 
supo<s<t^s, then 



1 C^'(A) 



7r7o {X^ + e)VW) 
(4-1) Af-c^ 



TT Jo '^^ + C / 



X exp — 

V 

Since P(M( < x) = P{tx > t), the following integrated form of (4.1) is 
sometimes more convenient. 

Corollary 4.2. With the notation and assumptions of Theorem 4-1, 
(4-2) 



X exp 



1 /-"^ ^iQg^CAF ^ 
vr io ^2 + C 



Proof of Theorem 4.1. Let -0(0 = ^(Vf) for ^ > 0. For any z G 
C \ (-00,0] and C > 0, we define (see (1.1) and (2.3)) 

1 /-^ ^ log(z + ^(C)) 



(p{^,z) = exp (-- / 



For any ^ > 0, the function (p{^, z) is positive and increasing in z G (0, oo). 
As z —7- or z —7- oo, ip{^, z) converges to and 1, respectively. Furthermore, 
if Imz > 0, then arg(l + iI){Q'^)/z) G (— 7r,0) for all C > 0, and therefore 



1 p^arg(l + ^^ 



argvp(e,z) = -- / ,2^,2^ ' dCGiO,7T/2). 



Hence, for any ^ > 0, ^fiC^z) (and even ((/9(^, z))^) is a complete Bernstein 
function of z. Note that the continuous boundary limit (p~^{S,, —z) exists for 
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z > 0: if z = V'(A^), or A = y^ilj~'^{z), then 

ttJo e + e 



^-^(e,-.)=exp|-3/_ — w-ri^dc 



, 1 /■oo g(logV;;,(C^)-log|l-g|) . e 

exp — / -75 -75 — dQ + I arctan — 

vr 7o ? + C A 

see (2.9) for the notation. Here log" denotes the boundary hmit on (— oo,0) 
approached from below, log~(— C) = — i7r/2 + logC for <^ > 0. The function 
log |1 — C^/A^l is harmonic in the upper half-plane Im^ > 0, so that 

1 |-oo eiog|i-gi 1 

Furthermore, exp(i arctan(g/A)) = (A + ig)/-\/A2 + g^. Therefore, with z = 
_ A(A + iOV;l(0 _ 

A2 + ^2 ' 

see (2.3) for the notation. Note that if V'(C) is bounded on (0, 00) and z > 
sup^>oV'(C)) then ip~^{^,—z) is real. 

By (1.1), ip{^,z)/z is the double Laplace transform of the distribution 
of Mt. But for all ^ > 0, ip{S,.,z)/z is a Stieltjes function of z. Therefore, 
by (2.2), 

Z TT Jo C -2 + C 

^2 /-"o AV;^(A2) AC^1(0 1 

vrio V'(A2) A2 + e2 ^ + ^(A2) ^ • 
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Note that the second equahty holds true also when ip{6.) is bounded. Since 

l/{z + '0(A2)) = /~ e-*^'(^')e--'*dt, we have 

The theorem follows by the uniqueness of the Laplace transform. □ 

Let V{x) = V^{x) be the renewal function for the ascending ladder-height 
process Hs corresponding to Xt; see Section 3 for the definition. When Xt 
satisfies the absolute continuity condition (for example, if 1/(1 + ^'(C)) is 
integrable in then V{x) is the (unique up to a multiplicative constant) 
increasing harmonic function for Xt on (0, oo), and V'{x) is the decreasing 
harmonic function for Xt on (0, oo), cf. [35]. It is known ([5], formula (VI. 6))) 
that for C > 0, 



Moreover, if Xt is not a compound Poisson process, then by [14], Corol- 
lary 9.7, 

Mo.o-xp(i/;™.c)^,,.(o. 

where ^(C) = i^iC"^), see (2.3) for the notation. Clearly, we have CV'{S,) = 
^CV{^) = here V is the distributional derivative of V on [0,cx)). 

We remark that when Xt is a compound Poisson process, then, also by [14], 
Corollary 9.7, 

(1 roo 1 _ p—t \ 
~2Jo —^^(^t = ^)dt\. 

For simplicity, we state the next three results only for the case when Xt is 
not a compound Poisson process. However, extensions for compound Poisson 
processes are straightforward due to (4.4). 

As an immediate consequence of Proposition 2.1 and Karamata's Taube- 
rian theorem ([8], Theorem 1.7.1), we obtain the following result, which 
in the case of complete Bernstein functions was derived in Proposition 2.7 
of [22]. 
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Proposition 4.3. Let ^{^) be the Levy-Khintchin exponent of a sym- 
metric Levy process Xt, which is not a compound Poisson process, and sup- 
pose that both ^'(^) and ^^/^(O are increasing in ^ > 0. If"^{^) is regu- 
larly varying at oo, then V is regularly varying at and T{1 + a)V(x) ~ 
1/ y/W{l/x) as X —7- 0. Similarly, if ^(^) is regularly varying at 0, then 
r(l + a)V{x) ~ as X ^ oo. 

Another consequence of Proposition 2.1 is a uniform estimate of the re- 
newal function (see also Proposition 3.9 of [25]). 

Theorem 4.4. Let ^(^) be the Levy-Khintchin exponent of a symmetric 
Levy process Xt, which is not a compound Poisson process, and suppose that 
both ^'(^) and are increasing in ^ > 0. Then 

I , ^ , < V{x) < 5 , ^ , . x>0. 

Proof. Let ■0(0 = ^(a/?) ^or ^ > 0. By Proposition 2.1, we obtain 
g-2CA/^^2^(^2) < < g2CA/^^2^(^2)^ ^ > Q. Siucc V is increasing, 

Proposition 2.3 gives 

Furthermore, using subadditivity and monotonicity of y (see [5], Section III.l), 
iov X = ka + r {k > 0, r £ [0,a)) we obtain V{x) < kV{a) + V{r) < 
{k + l)V{a). It follows that V{x) < 2y(a) max(l, x/a) for all a,x > 0, and 
so, by Proposition 2.2, 

V(x) > > I > 1 



2x{l + e-i) - 2(1 + e-i)e2C/-^0(l/x^) " S^VW^ ' 
as desired. □ 

We remark that when y is a concave function on (0, oo) (for example, 
when "0 is a complete Bernstein function, see below), then clearly V{x) < 
m.ax{l,x/a)V{a), so that the lower bound in Theorem 4.4 holds with con- 
stant 2/5 instead of 1/5. 

If V'(C) is a complete Bernstein function (CBF, see (2.1)), then 
and C/i'HC) are CBFs, and hence 1/V'^(0 is a Stieltjes function (see (2.2)). 
Therefore, V'{x) is a completely monotone function on (0, oo), and V{x) is a 
Bernstein function (see [34] for the relation between completely monotone, 
Bernstein, complete Bernstein and Stieltjes functions). More precisely, we 
have the following result. 
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Proposition 4.5. Let ^{^) be the Levy-Khintchin exponent of a sym- 
metric Levy process Xt, which is not a compound Poisson process, and sup- 
pose that '^{Cj = for a complete Bernstein function tp. Then V is a 
Bernstein function, and 

(4.5) y(x) = 6x + l^;^Im(--^j^^)^(l-e-^)dC, x > 0, 

(4.6) V\x) = b+-j^^ Im V'UOe-^^de, x > 0, 

where b = limg_^o+(^/ \/^>PW))- 

As explained after formula (2.2), the expression lm{—l/ip^{—^'^))d^ in (4.5) 
and (4.6) should be understood in the distributional sense, as a weak limit 
of measures Im(— 1/'!/^(— + ie))d^ on (0, oo) as e — )• O"*". The measure 
Im(— 1/^"'"(— ,^))ci^ has an atom of mass vrfo at 0, and this atom is not in- 
cluded in the integrals from 0"*" to oo in (4.5) and (4.6). 

Proof. Since is a Stieltjes function, it has the form (2.2), 

1 b ^ \ 

'^nO = ^ = .+ - + -1^ A(dC), J € C \ (-co, 01. 

where, using (2.5), 

— (p)^)^«— "'(^)*. 

and 

a = lim — TT-r, b = lim --S-r. 

Using Proposition 2.1, we can express a and b in terms of 'i/'- Since ip is 
unbounded, also ip^ is unbounded (by (2.6)), and so in fact a = 0. In a 
similar way, if ^/'i/'(0 converges to as ^ — )• 0+, then (2.6) gives — )• 
0, so that 6 = 0. When the limit of ^/V'(C) is positive (since S,/ip{^) is a 
CBF, the limit always exists), then ^0 is regularly varying at 0, and so 6 = 
lim^_j.o+ (^/ \/ip{C'^)), as desired. By the uniqueness of the Laplace transform, 

1 f°° 

V'{x) = b+- e-'^^flidC), X > 0. 

The result follows by integration in x. □ 
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Note that for a compound Poisson process, we have a > 0, so there is an 
extra positive constant in (4.5). 

As a combination of Theorem 3.1 and Theorem 4.4, we obtain the follow- 
ing result. 

Theorem 4.6. Let ^{^) be the Levy-Khintchin exponent of a symmetric 
Levy process Xt- Suppose that both ^'(^) and.^^/^(.^) are increasing in^, > 0. 
Lf Mt = supo<s<f Xs, then for all t,x > 0, 

— min I 1, , ^ I < P(Mt < x) < min ( 1, , | . 

Proof. When Xt is not a compound Poisson process, then the result 
follows from Theorems 3.1 and 4.4, and from k.{z, 0) = ^/z. Suppose that Xt 
is a compound Poisson process. For e > consider X^ = eBt + Xt, where 
the Brownian motion Bt is independent of Xt. Then the Levy-Khintchin 
exponent of Xf equals to ^e{Cj = (^0^ + ^(0- It is easy to check that 
S,^ I'^eiC) is increasing. Moreover, converges in distribution to Mt as 
e — 7- 0. The result follows by the continuity of ^{C)- D 

Remark 4.7. Clearly, the condition '^(C) and ^^'^ increasing 

in ^ > 0' in Theorem 4.4, Proposition 4.3 and Theorem 4.6 can be replaced 
with 

(4.7) < ^'(0 < — ^ , e > 0. 

If ^(^) = ^^(^2)^ ^j^gj^ (4 7) ^g^jjg 

(4.8) < V/(0 < ^ , e > 0. 

Using the standard representation of Bernstein functions, it is easy to check 
that any Bernstein function ^(^) (not necessarily a complete one) satis- 
fies (4.8). Hence, Theorem 4.6 applies to any subordinate Brownian mo- 
tion: a process Xt = B^^^, where B{s) is the standard Brownian motion 
(with ^{Bs) = and Var(Ss) = 2s), rjt is a subordinator (with E(e~^''*) = 
g-*V'(€))^ and Bs and rjt are independent processes. 
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